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Abstract—Renewable energy sources introduce more fluctua-
tions into the power system and bring challenges to maintain
the system stability. Conventional generation units are gradu-
ally replaced and may soon become inadequate to meet the
frequency regulation (FR) requirements. Consequently, demand-
side resources for FR have received increasing attention. Among
demand-side sources, inverter air conditioners (IACs) have
huge regulation capacity and account for nearly 40% of the
total power consumption in summer, while energy storage
systems (ESSs) excel in rapid response and powerful ramp
rate. However, the inadequate ramp speed of IACs and the
insufficient regulation capacity of ESSs render them incapable
of providing FR independently. To tackle this problem, this
paper proposes a distributed coordinated control algorithm that
allows the effective utilization of ESSs and IACs to provide
FR considering the respective advantages. Firstly, an equivalent
thermal energy storage model of IAC in alignment with ESS is
introduced considering heterogeneous parameters. Subsequently,
a coordinated control framework is proposed for heterogeneous
ESSs (hetero-ESSs), which are composed of ESSs and IACs.
Based on the framework, a distributed consensus algorithm is
devised for hetero-ESSs, and its stability is demonstrated through
the application of the Lyapunov theorem. Finally, numerical
studies verify that the proposed framework can promote ESSs’
short-term ability and IACs’ long-term flexibility.

Index Terms—Distributed control, frequency regulation,
energy storage system, inverter air conditioner, Lyapunov
stability.
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NOMENCLATURE

Abbreviation

DCA Distributed consensus algorithm
DR Demand response
DSO Distribution system operator
ESS Energy storage system
FR Frequency regulation
Hetero-ESS Heterogeneous energy storage system
IAC Inverter air conditioner
kW Kilo Watt
RES Renewable energy source
TES Thermal battery storage

Set

E1 Set of edges for the graph of ESS group
E2 Set of edges for the graph of IAC group
I Set of IACs
J Set of ESSs
T Set of time slots
V1 Set of vertices for the graph of ESS group
V2 Set of vertices for the graph of IAC group

Parameter

AI System matrix of ESSs
AJ System matrix of IACs
D1 In-degree matrix of GI
D2 In-degree matrix of GJ
L1 Laplacian matrix of ESS group
L2 Laplacian matrix of IAC group
δ The decay factor of IAC group
ηin

i , ηout
i The charging and discharging energy con-

version efficiency of the i-th ESS
γ The interaction gain of the interaction

matrix
GI The graph of ESSs
GJ The graph of IACs
A1 The adjacent matrix of ESS group
A2 The adjacent matrix of IAC group
aij Element of adjacency matrix
Cj Equivalent air heat capacity of the j-th

room
Capi The energy capacity of the i-th ESS
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di The i-th diagonal element of the degree
matrix

f min
j , f max

j The lower and upper limitation of the j-th
IAC’s operating frequency

g(�f , PFR) The function to calculate the regulation
command to relay nodes

Kg The control gain of the hetero-ESSs
kj,1,bj,1 Coefficient of the j-th IAC’s operating

power
kj,2,bj,2 Coefficient of the j-th IAC’s cooling capac-

ity
N Total number of nodes in the communica-

tion network
N1, N2 The total number of ESSs and IACs
Pc

i , Pd
i The charge and discharge power limit of

the i-th ESS
Pj,baseline The power baseline of the j-th IAC to

maintain a steady indoor temperature with
a constant outside temperature

Pj,TES The equivalent power of IAC after subtract-
ing the power baseline

R The the relay matrix to receive the regula-
tion command

RE The interaction matrix to transmit
information from GI to GJ

Rj Equivalent thermal resistance of the j-th
room’s envelope

SoCmin,SoCmax The maximum and minimum value of the
state of charge of the ESS

Tset
j The initial set temperature of j-th room

Tmax
j ,Tmin

j The upper and lower bound of comfort
range

Variable

XI The state vector of Ni ESSs
XJ The state vector of Nj IACs
�f Local frequency deviation
fj Operating frequency of the j-th IAC
Pi The power of the i-th ESS
Pj Operating power of the j-th IAC
PFR Total regulated power in real time
Ptgt Target regulation power sent from DSO
Qj Cooling capacity of the j-th IAC
soci, pi The standardized state of charge and power of the

i-th ESS
socj, pj The standardized state of charge and power of the

j-th IAC
Tout Outdoor temperature
Tset

j The initial temperature set-point of IAC
T in

j Indoor air temperature with the j-th IAC
V Lyapunov function
xi, xj The standardized state vector of i-th ESS and j-th

IAC

I. INTRODUCTION

TO CREATE a low-carbon energy system, renewable
energy sources (RESs) have increased rapidly in recent

years [1]. However, on one hand, the fluctuation of the

RESs’ output with variable environment result in an increased
requirement for load-following reserve. On the other hand,
frequent weather-related incidents involving RESs have
heightened the demand for frequency regulation in the power
system (e.g., the accidental shutdown of Hornsea offshore
wind farm in U.K. on August 9, 2019 triggered around 1,880
MW power output loss) [2]. Consequently, frequency regu-
lation (FR) is becoming more important [3]. FR is provided
by conventional generators on the supply side. As more RESs
are connected to the power system, conventional generators
are phased out gradually and may soon be insufficient for FR.
With the rapid development of information and communication
technologies, controlling RESs on the demand side becomes
feasible, which is called demand response (DR) [4]. Loads on
the demand-side can adjust their operating power to mitigate
the frequency deviation when the power imbalance incurs [5].
Additionally, customers can earn financial benefits if they
participate in DR [6]. Therefore, this mutually beneficial
relationship encourages researchers to shift their focus from
the supply side to the demand side [7].

Among the demand-side loads, air conditioners (ACs)
are ideal candidates for DR, as they account for approxi-
mately 40% of total electricity consumption in summer [8].
Furthermore, the thermal storage capacity of the buildings
enables the adjustment of the AC operating power without
significantly affecting indoor temperature [9]. In general, ACs
can be divided into two categories: fixed-frequency ACs and
inverter ACs (IACs) [10]. IACs have been widely considered
as promising FR resources for the following two reasons:
i) IACs can be more flexible by changing the compressor
frequency compared to fixed-frequency ACs [11]; ii) IACs
are taking an increasing proportion in ACs’ market due to
the higher energy efficiency [12]. Numerous studies have
attempted to engage IACs in FR. Hui et al. [13] proposed
an equivalent model of IACs with power generators for FR.
A hierarchical control framework for using AC to provide
primary FR is proposed in [14]. However, these papers either
ignore the ramp speed or assume a constant value for both
ramp-up and ramp-down constraints, which is inconsistent
with the actual behavior of the IACs: i) The regulation speed
of IACs is slow. ii) The ramp-up and ramp-down speeds have
significant differences. It takes longer for IACs to ramp up than
to ramp down in practice. Therefore, most previous research
on IACs may no longer satisfy the requirements of FR [15].

Apart from IACs, energy storage systems (ESSs) are poten-
tial regulating resources for their fast response speed [16].
More communities and commercial buildings recently installed
small emergency ESSs to ensure a high-quality power sup-
ply [17]. Unlike the ESSs on the supply-side with great
capacity, the energy and power capacity of ESSs on the
demand-side are small [18]. Regulating these ESSs would not
have a significant effect on the power system. Some studies
propose methods to aggregate and regulate multiple small
ESSs as a shared ESS [19]. Ma et al. [20] proposes an hour-
ahead optimization strategy for shared ESSs to provide FR
service. However, the excessive costs of construction and the
large initial investments prevent communities from having
small ESSs [21]. Therefore, increasing the total capacity of
ESSs may not be the most economical approach.
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Fig. 1. The control framework of hetero-ESS aggregators to provide FR in
power system.

Combining ESSs in the communities with distributed IACs
on demand-side can be a feasible solution. The control
framework and hetero-ESSs model are shown in Fig. 1. ESSs
have fast response speed but small regulation capacities. IACs
have huge regulation potential, while the regulation speeds are
hard to meet the requirements. The aggregation and regulation
of these resources allows for the leveraging of their advantages
while mitigating their drawbacks. Some studies proposed
coordinated control of different resources to provide high-
quality regulation services. In [22], a coordination control of
distributed resources is designed under a centralized structure.
Zhong et al. [23] proposed a coordinated control strategy
for large-scale battery ESSs and traditional FR resources.
However, these works are based on a centralized control
structure, as shown in Fig. 2(a), which highly demands on the
control center and leads to several problems: i) As the number
of distributed resources increases, the computation burden
on the control center rises sharply. ii) The communication
network of a centralized control structure is vulnerable, once
the control center is out of service, the system will be
uncontrollable. iii) Customers have to share their information
with the control center, which is prone to privacy leakage.

As illustrated in Fig. 2(b), distributed control is a more
appropriate means of regulating distributed resources on the
demand-side: i) The nodes under distributed control have
certain information processing capabilities, which reduce the
computation burden of the control center. ii) It does not require
full communication access, as every device only communicates
with its neighbors or trusted ones, reducing the communi-
cation pressure on specific nodes and protecting customers’
privacy to a certain extent. Consensus-based distributed control
has been the focus of studies. The concept of consensus-
based distributed control aims to ensure fair utilization of
available devices by facilitating information exchange across
sparse communication graph. A consensus integral controller
is proposed for the ESSs to synchronize SoC and power
with limited information exchange in [24]. A consensus-based
control of IACs for frequency regulation in an island microgrid
is proposed in [25]. These papers have good regulation
performance but take a long time to reach the convergence.

Fig. 2. Control framework of hetero-ESSs aggregator: (a) Centralized control;
(b) Distributed coordinated control of ESSs and IACs.

To converge in finite time, a dual consensus-based distributed
control approach for multiple ESSs is proposed in [26], which
considers the case where generators do not have enough
regulation capacity. A distributed finite-time consensus control
is proposed for heterogeneous battery ESSs in [27]. A finite-
time consensus method for aggregated ESSs is proposed to
provide FR in [17]. The methods proposed in these papers
can ensure the convergence of the system in finite time but
generate a heavy communication burden on communication
network. To reduce the communication burden, a distributed
event-triggered consensus optimal control method is proposed
for ESS in [28]. Information can be passed between two
nodes only when the information difference between two
nodes reaches the threshold. However, these studies have
two limitations: i) They do not fully exploit the regulation
potential of IACs. The distributed networks have separate
control for the IAC and ESS groups, which made the ESS
group respond very quickly, while the IAC group act much
slower. ii) They only focus on the frequency regulation process
without considering the ESS recovery process. As a high-
quality frequency regulation resource, ESSs need to maintain
sufficient capacity to ensure the stability of the power system.

To address the issues above, this paper models distributed
IACs as heterogeneous distributed thermal battery storage and
then proposes a coordinated control for hetero-ESS as an
aggregator. The main contributions are summarized as follows:

1) A distributed consensus algorithm (DCA) is designed
for hetero-ESS to provide FR under the coordinated
framework. The normalized state-space equations of
IACs and ESS are modeled for DCA. In contrast to
the centralized control strategy, the proposed DCA does
not need control center and provides superior scalability,
plug-and-play capabilities, and lower communication
burden.

2) Besides, the proposed DCA takes the short-term reg-
ulation ability and long-term regulation flexibility into
account. i) The widespread distribution of IACs ensures
substantial power and energy capacity for the aggrega-
tors, while ESSs contribute rapid response and efficient
ramp-up speeds. ii) The coordinated framework accounts
for the energy capacity recovery process of ESS. The
aggregator will recharge the energy loss of ESSs, ensur-
ing continuous regulation capability.

3) The convergence of the proposed DCA is proved based
on the Lyapunov stability theorem. Different physical
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characteristics and heterogeneous parameters of ESSs
and IACs in the aggregator are taken into consideration.

The remainder of this paper is organized as follows. First,
the system framework and models are introduced in Section II.
The distributed control algorithm is presented in Section III.
Section IV illustrates numerical studies. Section V concludes
this paper.

II. DISTRIBUTION SYSTEM MODELLING FOR

FREQUENCY REGULATION

A. Coordinated Control Framework of Hetero-ESS

The coordinated control framework of hetero-ESSs for FR
is shown in Fig. 1. From the perspective of the supply-side, the
output fluctuations of RESs cause the frequency deviation and
FR is needed to maintain the stability of power system. Once
the frequency deviation exceeds the deadband, the distribution
system operator (DSO) or the Phasor Measurement Units
(PMU) will send the regulation signals to aggregators on
demand-side [29]. On the demand-side, distributed IACs are
monitored and regulated as thermal ESSs, and then aggregated
with the ESSs in the community as hetero-ESSs. The hetero-
ESSs controlled by the local aggregators respond to the
regulation command under the control method we proposed.

B. Dynamic Model of ESS

Lithium batteries are a common type of ESS [30]. The state
of charge (SoC) is a key parameter to describe the storage
level of a Lithium battery [31]. Considering the efficiency of
charge/discharge and self-discharge of ESS, the update of SoC
is defined as:

˙SoCi(t) = −σSoCi(t) + ηi

Capi
Pi(t),∀i ∈ I,∀t ∈ T , (1)

ηi(t) =
{

ηin
i , Pi(t) ≥ 0
1

ηout
i

, Pi(t) < 0 ,∀i ∈ I,∀t ∈ T , (2)

where σ is the rate of energy dissipation due to the self-
discharge [32]; ηi is the charging/discharging efficiency of the
ESS, which satisfies 0 < ηin

i < 1 and 0 < ηout
i < 1; Capi is

the maximum energy storage capacity of the ESS; Pi(t) is the
actual power of the ESS; I is the set of ESSs. Because of the
physical limitations, Pi(t) is constrained by:

− Pd
i ≤ Pi(t) ≤ Pc

i ,∀i ∈ I,∀t ∈ T , (3)

where Pd
i and Pc

i are the maximum discharging/charging power
of the ESS, respectively. To achieve fair utilization of available
regulation resources, this paper applies a consensus-based
DCA to control the ESS group. The fundamental mecha-
nism of this consensus-based approach involves information
exchange among nodes via a sparse communication network.
Typically, consensus control leverages the state of nodes as
the exchanged information, with each node’s state falling
within the same interval. However, owing to the parameter
heterogeneity among ESSs, variations exist in the maximum
power output of each ESS. Consequently, utilizing the actual
power Pi of an ESS as the state for information exchange in
consensus control is not feasible. To address this limitation,

we introduce standardized operating power pi and standardized
State of Charge soci for the i-th ESS as follows:

Pmax
i =

{
Pc

i , Pi(t) ≥ 0
Pd

i , Pi(t) < 0
,∀i ∈ I,∀t ∈ T , (4)

pi(t) = Pi(t)

Pmax
i

,∀i ∈ I,∀t ∈ T , (5)

soci(t) = SoCi(t) − SoCmin
i

SoCmax
i − SoCmin

i

,∀i ∈ I,∀t ∈ T , (6)

where SoCmax
i and SoCmin

i are the upper and lower SoC
boundaries of i-th ESS set by the owner according to their
demands, respectively. These standardized values ensure that
soci(t) lies within the interval [0, 1] and pi(t) falls within
[−1, 1]. As a result, pi and soci can serve as the state
variables for information exchange among nodes. Specifically,

we define the state vector of the i-th ESS as xi =
[

soci(t)
pi(t)

]
.

Combining (1)-(6), we can derive the state space model of
ESS as:

ẋi(t) = Aixi(t) + Bui,∀i ∈ I,∀t ∈ T (7)

where Ai =
[

a11,i a12,i

0 0

]
and Bi =

[
0
1

]
are the system and

the input matrices, respectively; ui is the input vector, which
will be introduced in Section III-A. The elements a11,i and
a12,i in Ai can be respectively expressed as:

a11,i = −σ, a12,i = ηi · Pmax
i

Capi

(
SoCmax

i − SoCmin
i

) ,∀i ∈ I. (8)

Generally, the owners of ESSs would not change the upper
and lower SOC limit frequently. Therefore, we assume that
SoCmax

i and SoCmin
i are constant during FR. As a result, a11,i

and a12,i are a constant value during the FR for the i-th ESS.

C. Thermal Energy Storage Modeling of IACs

1) Thermodynamic Model of IAC: Generally, the power
consumption of IACs is related to the ambient temperature and
thermal parameters of buildings. In most papers, the equivalent
thermodynamic model of a building can be described as
in [13]:

Cj
∂T in

j (t)

∂t
= Tout

j (t) − T in
j (t)

Rj
− Qj(t),∀j ∈ J ,∀t ∈ T , (9)

where Cj and Rj are the heating capacity and heat resistance of
the j-th building, respectively; Tout

j is the ambient temperature
outside the building at time t; Qj(t) is the cooling capacity of
the j-th IAC; J is the set of IACs.

The main power consumption of an IAC in cooling mode
comes from the compressor, which can be flexibly adjusted
according to the cooling capacity requirement [33]. Generally,
the operating power Pj and the cooling power Qj are both
proportional to the operating frequency of compressor fj,
which can be respectively described as:⎧⎨

⎩
Pj(t) = kj,1fj(t) + bj,1
Qj(t) = kj,2fj(t) + bj,2

f min
j ≤ fj(t) ≤ f max

j

,∀j ∈ J ,∀t ∈ T , (10)
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where kj,1 and bj,1 are the coefficients of the j-th IAC’s
operating power; kj,2 and bj,2 are the coefficients of the
j-th IAC’s cooling capacity; f min

j and f max
j are the physical

constraints of the compressor.
2) TES Model of IAC in Alignment With ESS Model:

Typically, customers grant aggregators the authority to adjust
the power of IACs within a certain range of temperature
variations to ensure the comfort of the user [34]. To prevent
excessive regulation that could lead to significant temperature
deviations for individual customers, this paper proposed a
consensus-based DCA to control the IAC group. Due to the
heterogeneity of IACs, utilizing the actual power of IAC as
the state for information exchange in consensus control is not
feasible. Besides, for seamless information exchange between
the IAC group and the ESS group, it is essential to unify the
state of both group within the value domain. Therefore, we
introduce the TES model for IAC [9].

The main difference between an ESS and an IAC in
electrical features is that an ESS is capable of charging and
discharging, whereas an IAC cannot discharge. In the summer
cooling scenario, we define the power necessary for an IAC
to maintain the indoor temperature at the set point as the
power baseline Pj,baseline, which can be derived from (9)-(10)
as follows:

Pj,baseline =
kj,1

(
Tout

j − Tset
j

)
kj,2Rj

+ kj,2lj,1 − kj,1lj,2
kj,2

,

∀j ∈ J , (11)

where Tset
j is the temperature set by the customers. If oper-

ating power consumption falls below Pj,baseline, the resulting
indoor temperature will be higher than Tset

j in steady state.
Conversely, if the power exceeds Pj,baseline, the indoor tem-
perature will be lower than Tset

j in steady state. We assume
Tout and Tset

j vary little and can be treated as constant for
the duration. Meanwhile, the operating coefficients kj,1, bj,1,
kj,2 and bj,2 in (10) can be treated as fixed values within the
comfort range [9]. Therefore, Pj,baseline can be considered as
a fixed value.

Without stopping the compressor, the operating power
of IAC is limited by the upper and lower bounds of the
compressor’s frequency. We define the equivalent TES power
Pj,TES(t) as the deviation of the operating power Pj(t) from
Pj,baseline, which can be expressed as:

Pj,TES(t) = Pj(t) − Pj,baseline,∀j ∈ J ,∀t ∈ T , (12){
Pc

j = kj,1f max + bj,1 − Pj,baseline

Pd
j = Pj,baseline − kj,1f min − bj,1

,∀j ∈ J , (13)

where Pc
j and Pd

j are the equivalent maximum charging and
discharging power of the TES model for IACs, respectively. In
this case, Pj,TES(t) can be positive or negative. The practical
meaning of Pj,TES(t) is the power of the deviation from the
power required to maintain T in

j = Tset
j , and the greater the

absolute value of Pj,TES(t), the greater the temperature devia-
tion in steady state when other parameters remain unchanged.

However, Pj,TES(t) cannot be taken as the exchanged
information in consensus control. We define the standardized
form of Pj,TES as follow:

Pmax
j =

{
Pc

j , Pj(t) ≥ 0
Pd

j , Pj(t) < 0
,∀j ∈ J ,∀t ∈ T , (14)

pj(t) = Pj,TES(t)

Pmax
j

, pj(t) ∈ [ − 1, 1],∀j ∈ J ,∀t ∈ T , (15)

Generally, the indoor temperature is constrained within
the set values to guarantee customers’ comfort, i.e., T in

j ∈
[Tmin

j , Tmax
j ]. The energy capacity stored in buildings depends

on �T = Tmax
j − Tmin

j . The energy stored in the buildings
is maximum when the indoor temperature is Tmin and lowest
when Tmax. Similar to the definition of SoC for ESS, we can
define the SoC of IAC as:

socj(t) = Tmax
j − Tj(t)

Tmax
j − Tmin

j

,∀j ∈ J ,∀t ∈ T , (16)

where socj(t) is the SoC of the j-th IAC, which satisfies
socj(t) ∈ [0, 1].

Derived from (9)-(15), the TES model for IACs can be
presented in a state space model as:

ẋj(t) = Ajxj(t) + Buj,∀j ∈ J ,∀t ∈ T , (17)

where xj =
[

socj(t)
pj(t)

]
and Aj =

[
a11,j a12,j

0 0

]
are the state

vector and the system matrix of the j-th IAC, respectively;
uj is the input vector of the j-th IAC; a11,j and a12,j are the
lumped parameters of the j-th IAC, which can be respectively
expressed as:

a11,j = − 1

CjRj
, a12,j = kj,2 · Pmax

j

Cjkj,1

(
Tmax

j − Tmin
j

) ,∀j ∈ J , (18)

which are constant values for the j-th IAC.

III. DISTRIBUTED CONTROL STRATEGY DESIGN

AND CONVERGENCE ANALYSIS

A. State Space of Hetero-ESS

Since the IAC’s own control program can restore the IAC
itself to the initial state after regulation, this study only focuses
on the recovery process of the ESSs during the FR. The recov-
ery of ESS means the SoC of ESS at steady state is expected
to recover to the initial SoC before FR to ensure sufficient
regulation capacity. Therefore, the convergence objects of ESS
group in steady state can be expressed as:

SoCi(t) = SoCi(0),∀i ∈ I, t → ∞, (19a)

Pi(t) = Pi(0),∀i ∈ I, t → ∞, (19b)

where SoCi(0) is the initial SoC of the i-th ESS; Pi(0) is the
initial power of the i-th ESS.

As xi in (7) and xj (17) share the same value domain and
both represent the state of a node, nodes within two distinct
groups can exchange information across a communication
network, which can be represented as the interaction matrix
RE. Considering the heterogeneity of the parameters, xi and
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Fig. 3. Control flow chart of the distributed control algorithm.

xj should satisfy the following equations during FR under the
control of consensus-based DCA:

p1(t) = · · · = pi(t),∀i ∈ I, (20a)

p1(t) = · · · = pj(t),∀j ∈ J , (20b)

1) The Control Input for ESS Group: We define the input
vector of ESS group in (7) as:

UI(t) = −(
LI + δINi

) ⊗ KgXI(t),∀t ∈ T , (21)

where XI = [xT
1 , . . . , xT

i ]T is the state vector of ESS group;
LI = 1

dmax
i

· L1 is the control matrix; L1 is the Laplacian
matrix of GI , which is strongly connected; dmax

i is the
maximum out-degree of node in the graph GI ; notation ⊗
means the Kronecker-product and its definition can be found
in Appendix B; Kg = [α, β]1×2 is control gain of the input
vector; δ is the decay factor, which ensures the convergence
target (19b).

Derived from (7) and (21), the state space of ESSs can be
represented as:

ẊI(t) = (
AI − (LI + δIN1) ⊗ (BKg)

)
XI,∀t ∈ T . (22)

where AI = diag([A1, . . . , Ai]) is the system matrix; IN is the
N × N identity matrix.

As shown in Fig. 3, DSO or PMU sends the regulation
command to ESSs, which work as relay nodes in the com-
munication graph. The regulation command can be a function
of the local frequency deviation �f collected from PMU [29]
or a target regulation power Ptgt from DSO, which can be
represented as g(�f , PFR). Assuming the i-th ESS receives the
regulation command, the dynamic state of the relay nodes can
also be represented as:

ẊI(t) = (
AI − (LI + δINi) ⊗ (BKg)

)
XI(t)

+R ⊗ B · g(�f , PFR), ∀t ∈ T , (23)

where R ∈ R
N1×1 is the relay matrix of ESS consisting of

0 and 1, and 1 represents that the i-th ESS can receive the
regulation command.

2) The Control Input for IAC Group: The control input of
the IAC group UJ(t) is designed as:

UJ(t) = −(
LJ ⊗ (BKg)XJ(t) + UJ

′(t)
)
, ∀t ∈ T , (24)

where XJ = [xT
1 , . . . , xT

j ]T is the state vector of IAC
group, LJ = 1

dmax
j

· L2 is the control matrix and L2 is the

Laplacian matrix of GJ , which is a strongly connected graph;
dmax

j is the maximum out-degree of node in the graph GJ ;

UJ
′(t) is the interaction control input introduced from GI to

achieve information exchange under consensus control. UJ
′(t)

is designed as:

UJ
′(t) = γ RE ⊗ (

BKg
)
XI(t), ∀t ∈ T , (25)

where γ and RE ∈ R
N2×N1 are the interaction gain and the

interaction matrix of the hetero-ESSs, respectively.
The value of γ determines the compensation speed of the

ESSs in the recovery process. RE consists of 0 and 1, where 1
in jth row and ith column represents that j-th IAC and i-th ESS
are adjacent in the communication graph. From (17) and (24),
the state space of IACs can be derived as:

ẊJ(t) = (
AJ − LJ ⊗ (BKg)

)
XJ(t)

−γ RE ⊗ (
BKg

)
XI(t), ∀t ∈ T . (26)

where AJ = diag([A1, . . . , Aj]) is the system matrix of IAC
group. Combining (22) and (26), the state space of the hetero-
ESSs under the control of proposed DCA with considering the
regulation command is as follows:[

ẊI(t)
ẊJ(t)

]
=

([
AI 0
0 AJ

]
−

[
LI + δIN1 0

γ RE LJ

]
⊗ (

BKg
))

[
XI(t)
XJ(t)

]
, ∀t ∈ T . (27)

B. Convergence Analysis of the Proposed Algorithm

The convergence of the system is a major concern in
distributed consensus control. To verify the stability of the
system, the constraints of Kg should be determined. In this
section, we prove the hetero-ESSs in (27) are asymptotically
stable under the control of the proposed DCA with Lyapunov
theorem.

Theorem 1: The proposed control algorithm is Lyapunov
asymptotically stable when L1 is the Laplacian matrix of a
strongly connected graph and Kg = θ1BTU, where the positive
diagonal matrix U satisfies the following inequality:

UAi + Ai
T

U − θ1UBBTU + θ2U1 ≤ 0, (28)

where U1 = diag([1, 1/θ2]) is a positive diagonal matrix;

and 0 ≤ θ1 ≤ mλ2
2

λN1
and θ2 ≥ λN1 , respectively; Ai has the

biggest nonzero eigenvalue in AI . Symbols λN1 and λ2 are
the maximum and second smallest eigenvalues of Laplacian
matrix L, respectively [28].

Proof: For hetero-ESS, the proof has two parts. We first prove
that the ESS group converges and recovers to the initial state
at steady state in Part I. In Part II, we prove the IAC group
converges at steady state given a similar Lyapunov function.
We take the parameters of ESS group for example. In fact, the
proof procedures for ESS and IAC groups are similar.

Part I: In the proof, the regulation command received by
the relay nodes can be omitted, since we can prove the system
is stable if the system can converge from any initial state [33].
Therefore, the impact of the regulation command and its effect
on the relay node are neglected. We choose the Lyapunov
function candidate for ESS group:

V1(t) = 1

2
XT

I (t)(LI ⊗ U)XI(t) ≥ 0, (29)
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where V1(t) ≥ 0 obviously satisfies the first requirement of
Lyapunov function. If the candidate for the Lyapunov function
satisfies V̇1(t) ≤ 0, the system is asymptotically stable. After
substituting ẊI(t) into V̇1(t), we derived:

V̇1(t) = 1

2
XT

I (t)
{
(L1 ⊗ U)

(
AI − (LI + δIN1) ⊗ (BKg)

)
+ (

AI − BKg ⊗ (LI + δIN1)
)T

(L1 ⊗ U)
}

X(t)

≤ 1

2
XT

I (t)
{
(L1 ⊗ U)

(
AI − LI ⊗ (BKg)

)
+ (

AI − BKg ⊗ LI
)T

(L1 ⊗ U)
}

X(t)

≤ 1

2
XT

I (t)
{
(L1 ⊗ U)

(
IN1 ⊗ Ai − LI ⊗ (BKg)

)
+ (

IN1 ⊗ Ai − BKg ⊗ LI
)T

(L1 ⊗ U)
}

X(t)

= 1

2
XT

I (t)
{(

L1 ⊗
(

UAi + Ai
T

U
)

− mL2
1 ⊗ UBBTU

)}
XI(t). (30)

Denote Ã = UAi+Ai
T

U
2 , B̃ = UBBTU. Then denote the

eigenvalue of Laplacian matrix L1 as 0 = λ1 < λ2,≤, . . . ,≤
λNi

1; � = diag([λ1, . . . , λN1 ]). Let Y(t) = (QT ⊗ I2)XI(t), Q
is the orthogonal matrix and it always guarantees:

QTLQ = Q−1LQ = � = diag
(
λ1, λ2, . . . , λN1

)
. (31)

After the space transformation, it derives:

V̇1(t) ≤ XT
I (t)

(
L1 ⊗ Ã − mL2

1 ⊗ B̃
)

XI(t)

= YT(t)
(

QTL1Q ⊗ Ã − mQTL2
1Q ⊗ B̃

)
Y(t)

≤ YT(t)
(
� ⊗ Ã − m�2 ⊗ B̃

)
Y(t)

=
Ni∑

i=1

λiY
T(t)

(
Ã − mλiB̃

)
Y(t). (32)

Given 0 ≤ θ1 ≤ mλ2
2

λN1
and θ2 ≥ λN1 , it derives:

V̇1(t) ≤
N1∑
i=1

λiY
T(t)

(
Ã − θ1B̃

)
Y(t)

≤
N1∑
i=1

λiY
T(t)(−θ2U1)Y(t)

≤ −
Ni∑

i=1

λiλNiY
T(t)U1Y(t) ≤ 0. (33)

Hence, we prove that V̇1(t) ≤ 0 and the system is
asymptotically stable as long as the feedback control gain
Kg = θ1BTU and U satisfy the inequality (28).

Part II: Similar to the proof of ESS group, UJ
′(t) can be

omitted, since we can prove the system is stable if the system
can converge from any initial state. We choose the Lyapunov
function candidate for IAC group:

V2(t) = 1

2
XT

J (t)(LJ ⊗ U)XJ(t) ≥ 0, (34)

1When L1 is the Laplacian matrix of a strongly connected graph, it satisfies
λ2 > λ1 = 0, λN1 ≥ dmax

i + 1 [35].

TABLE I
PARAMETERS OF ESSS, ACS, AND CORRESPONDING ROOMS

The proof derivations for V1(t) and V2(t) are similar, which
will not be repeated in the paper.

IV. CASE STUDIES

In this section, the performance of the aggregator under the
control algorithm (27) is tested. We assume that a community
with ESSs and 32 buildings is controlled as an aggregator
to provide FR. Distributed IACs among the 32 buildings are
divided into four groups to coordinate with ESSs in turn
for providing FR. The heterogeneous parameters of the ESS,
IACs, corresponding rooms’ equivalent thermal models and
their initial states are shown in Table I. The update frequency
in simulation is set as 0.05s, which is feasible based on the
current communication technology.

In the case studies, MATLAB R2022b and Simulinks are
the simulation environments. Intel Core i7-11700 is the CPU
model and its frequency is 2.50 GHz. The outdoor temperature
is assumed as fixed value during FR. In the simulation, we
take 4 comparison cases as the benchmark: the aggregator
under centralized control in Fig. 2(a), the aggregator under
the conventional DCA in [33], the aggregator under the
conventional DCA without IACs, and the aggregator under the
conventional DCA without ESSs.

A. Analysis of the Proposed DCA’s Regulation Performance
in Short-Term When Receiving Regulation Command From
DSO

In this case, the aggregator is assumed to respond immediately
to the decomposed regulation command from the DSO, which
contains both the target regulation power Ptgt and the duration
time for FR. Then the aggregator needs to achieve the regulation
requirement under the proposed DCA. The regulation command
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Fig. 4. The regulation performance after receiving the regulation command
to increase 200kW: (a) the total power of the aggregator; (b) The power state
of the aggregator.

function is defined as g(PFR) = θ(Ptgt − PFR), where θ = 0.1
is the control coefficient of the relay node.

For other parameters in this case, the control gain is set as
Kg = [−10, 0.15]; the decay factor is δ = 0.01; the interaction
gain is γ = 0.2.

The simulation results of upward regulation are shown in
Fig. 4(a) and Fig. 4(b). The aggregator successfully achieves
the upward regulation command within a response time of
TR = 30.5s under the proposed DCA. Compared with
centralized control mechanisms, the proposed DCA has a
slight decrease in the response speed and regulation time but
maintains sufficient speed. When evaluated against conven-
tional DCA and aggregator without ESS or IAC, the response
speed and regulation time of the proposed DCA are better than
those of the control methodologies.

The sudden power increase depicted in Fig. 4(a) is due to
the ESS swiftly ramping up and reaching the rated power
shortly after receiving the regulation command. The magnified
view in Fig. 4(a) reveals that the total power provided by the
aggregator has a minor fluctuation and marginally exceeds the
target power Ptgt. This occurrence can be attributed to the
progressive replacement of power between ESSs and IACs,
which allows the ESS power to recover to the initial value
before FR, guaranteeing that ESS has adequate capacity.

The state dynamics of hetero-ESSs is depicted in Fig. 4(b).
The figure illustrates that ESS ramps up fast and reach the
rated power soon after receiving reference command. Then
IACs respond instantaneously and increase the power under
ramping up limitation.

Fig. 5. The regulation performance after receiving the regulation command
to decrease 200kW: (a) the total power of the aggregator; (b) The power state
of the aggregator.

As the cumulative power provided by the system approaches
the required regulation capacity, the power state of the ESS
will decrease. Finally, IACs’ states achieve consensus and
ESS’s state stop fluctuating around zero shortly after the
hetero-ESSs reach target regulation capacity. During the regu-
lation process, IACs increase power at their maximum ramping
speed. The interaction matrix enables rapid adjustments
of the ESS and IACs power states without significantly altering
the total power, which accelerates the convergence speed of
the system. Therefore, the proposed DCA converges faster in
contrast to the conventional DCA.

The downward regulation to decrease 200kW is illustrated
in Fig. 5(a) and Fig. 5(b). From the magnified view in Fig. 5,
the hetero-ESSs provide the required regulation capacity
and stop fluctuation within TR = 24.5s, meeting the FR
requirements. The regulation speed of the proposed DCA is
slightly slower than the centralized control while faster than
the conventional DCA and the aggregation without ESS and
IAC. Fig. 5 depicts the power state of the hetero-ESSs. Similar
to the upward regulation, the downward regulation consists
of three parts: the ESS responding fast with the maximum
output; IACs adjusting operating power sequentially; and
finally, the power provided by ESS substituted by IACs.
Within the aggregation framework, these two resources play
a complementary role. The ESSs function as a rapid-response
resource, mitigating the fluctuations in the IACs’ power output.
In contrast, the IACs provide substantial regulation capacity
for FR, a feature that the ESS does not have. Furthermore,
the information exchanges between the IACs and the ESS in
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Fig. 6. The system frequency deviations under different control algorithms when the power disturbances of -0.025p.u., -0.05p.u. and -0.075p.u. occur.

Fig. 7. The system frequency deviations under different control algorithms when the power disturbances of +0.025p.u., +0.05p.u. and +0.075p.u. occur.

TABLE II
ESSS’ PARAMETERS IN THE FREQUENCY REGULATION

the proposed DCA enable the hetero-ESSs to accomplish the
above coordination without a control center.

B. Analysis of the Proposed DCA’s Regulation Performance
Based on the Frequency Deviation From PMU

The FR performance of the proposed DCA requires verifi-
cation in power system simulation. The total installed capacity
of the power system is 800MW with reheat steam and the
parameters are shown in detail in APPENDIX C. The nominal
frequency of the power system fn is 50Hz. The system
frequency deviation threshold �f thr is set to 0.05Hz. The total
operating power of the IACs is about 10% of the power system
capacity. The parameters of ESSs are shown in Table II. The
total installed power of the ESSs is about 2.5% of the power
system capacity. The installed RESs are assumed to account
for 40% of the total installed capacity [36]. For the parameters
in this case, the control gain is set as Kg = [−10, 0.3]; the
decay factor is δ = 0.01; the interaction gain is γ = 0.3.

Fig. 6 and Fig. 7 illustrate the impact of varying control
algorithms on system frequency deviations in response to
power disturbances of 0.025 p.u., 0.05 p.u. and 0.075 p.u.
When the power disturbance is 0.025p.u., the disturbance
is approximately equal to the total installed capacity of the
ESSs. Therefore, it can be concluded that the ESSs are
capable of balancing disturbances in this scenario. As the

power disturbance increases, relying solely on regulating ESSs
becomes insufficient to maintain balance and the frequency
nadir fnadir can exceed 0.4Hz, which does not satisfy the
frequency requirements of the power system. In such cases,
regulating IACs can rectify the frequency nadir fnadir and
shorten the settling time of the FR. However, due to the inher-
ent limitations of the IAC’s ramping speed, it is challenging
for the IACs to balance the disturbance as rapidly as the ESSs.
Upon comparing the frequency nadir fnadir and regulation
settle time, we observe that the proposed DCA outperforms
the conventional DCA for these three disturbances. When
compared with centralised control mechanisms, the proposed
DCA exhibits a slight decline in response speed, which is
nevertheless within an acceptable range. The performance of
various strategies in FR under varying power disturbances is
summarized in Table III.

Fig. 8 depicts the actual and standardized state of ESSs
when the power disturbance is −0.05pu. ESSs ramp up fast
and reach the rated power soon after receiving the frequency
deviation. As the �f gradually decreases, the output power of
the ESSs decreases and finally recover back to the initial state.
As with Fig. 9, this figure demonstrates that the SoC of ESSs
with disparate initial states can restore to their respective initial
values. However, the SoC of ESSs under the conventional
DCA will continuously decrease until it reaches the limits, as
illustrated in Fig. 10 and Fig. 11. Furthermore, the ESSs must
cease working because the SoC of the ESSs has reached the
threshold. This rapid shutdown can result in transient power
imbalances in the power system.

Fig. 12 depicts the standardized state and the indoor tem-
perature of IACs when power disturbance is -0.05p.u.. During
FR, as the power of the IACs decreases, the indoor temperature
rises gradually from approximately 25 degrees Celsius to
almost the upper limit of the comfort range at the end of the
regulation period. Notwithstanding the fact that IACs take a
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TABLE III
PERFORMANCE OF DIFFERENT STRATEGIES IN FREQUENCY REGULATION

UNDER VARYING POWER DISTURBANCE

Fig. 8. The standardized and actual state of ESSs under the proposed DCA
when power disturbance is -0.05p.u.

Fig. 9. The standardized and actual state of ESSs under the proposed DCA
when power disturbance is +0.05p.u.

significant portion of the system capacity, it is not feasible to
regulate them as long-term thermal energy storage.

To achieve long-term regulation, a feasible approach would
be to divide the IACs into multiple groups, with each group
participating in the regulation in turn. Upon completion of
the preceding response, the original control program can

Fig. 10. The power and SoC of ESSs under conventional DCA when power
disturbance is -0.05p.u.

Fig. 11. The power and SoC of ESSs under conventional DCA when power
disturbance is +0.05p.u.

Fig. 12. The standardize state and the indoor temperature of IACs under the
proposed DCA when power disturbance is -0.05p.u.

Fig. 13. The standardize state and the indoor temperature of IACs under the
proposed DCA when power disturbance is +0.05p.u.

reestablish the IACs to their initial state before the subsequent
response. As illustrated in Fig. 14, in response to a disturbance
of +0.05p.u., the IAC group provides FR for approximately
1400 seconds before the indoor temperature reaches the upper
limit of Tmax = 27◦C. Subsequently, the time required for an
IAC group to return to the set temperature under the control
of its own controller is approximately 4000 seconds, which
is approximately three times the duration of the regulation.
Therefore, this paper roughly divides IACs into four groups.

Categorizing IACs into groups involves trade-offs. If there
are too many groups, the proportion of IACs participating in
the response decreases, potentially resulting in poorer regula-
tion performance. On the contrary, having few groups may not
allow the IACs to recover to the initial state. Therefore, the
exact number of groups should be selected according to the
actual system parameters.
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Fig. 14. The recovery process of IAC group under the control of their own
controllers after frequency regulation.

V. CONCLUSION

In this paper, we develop the novel model of hetero-ESSs
and propose a DCA to control the hetero-ESSs for FR.
First, the model of IAC is transformed into an equivalent
TES model. Consequently, the regulation capacities of het-
erogeneous ESSs are standardized. Subsequently, a distributed
consensus algorithm is designed for the purpose of controlling
hetero-ESSs for FR. The interaction matrix introduced in
DCA enables rapid adjustments of the ESS and IACs power
states without altering the total power significantly. Within the
hetero-ESSs, the energy loss of the ESS can be compensated
with a gradual replacement of the power between the ESS
and the IACs, thereby ensuring the long-term flexibility of the
system. Furthermore, the convergence of the proposed control
algorithm is proven based on the Lyapunov stability theorem.

The regulation performance of the proposed DCA for
hetero-ESSs is evaluated through numerical simulations. The
results demonstrate that the control objects, including the
response time and the required regulation capacity, can be
achieved successfully when received the regulation command
from the DSO. In the short term, the proposed DCA out-
performs the conventional DCA under varying disturbances,
both in fnadir and the settlement time. The performance of
the proposed DCA is not significantly inferior to that of
the centralized control, and the distributed system reduces
communication and computation overheads. In the long term,
the system can provide sustained and continuous response.
Consequently, this work may serve as a valuable reference
for the utilisation of heterogeneous resources to facilitate
frequency regulation in the prospective smart grid.

APPENDIX A

The graph theory is the fundamental of the distributed
consensus control strategy. The communication network of a
group (ESSs and IACs) can be represented by a graph. In this
paper, I,J indicates the set of ESSs and IACs, respectively.
The total number of ESSs and IACs is assumed as N = N1 +
N2, where N1, N2 are the total number of ESSs and IACs,
respectively. An undirected graph of ESS group is defined
as GI = (V1, E1,A1) with a nonempty set of nodes V1 =
{v1, v2, . . . , vN1} and a set of edges E1 ⊆ V1 × V1, and
associated adjacency matrix A1 = [aij]N1×N1 . As shown in
Fig. (15), each node is assigned to an ESS in the DCA, and
the edge (vi, vj) means that the information can flow from

Fig. 15. Communication network of ESSs and IACs.

Fig. 16. The power system model considering the frequency regulation from
ESSs and IACs.

node i to node j on the graph. The associated adjacency matrix
A1 = [aij] of the graph GI is defined as:

aij = aji =
{

1, if
(
vi, vj

) ∈ E1
0, otherwise

, (35)

which means bidirectional communication exists between two
neighbor ESSs [33]. The corresponding Laplacian matrix L1
of graph GI is defined and calculated by:

L1 = D1 − A1, (36)

where D1 is the out-degree matrix and defined as D1 =
diag(d1, d2, . . . , dN1) ∈ R

N1×N1 with di = ∑
j 
=i aij. Similarly,

we can define the graph of IAC group as GJ = (V2, E2,A2),
A1 = [aij]N2×N2 , and the corresponding Laplacian matrix
L2 = D2 − A2.

APPENDIX B

If A is an m × n matrix and B is a p × q matrix, then the
Kronecker product A ⊗ B is the mp × nq block matrix:

A ⊗ B =
⎡
⎢⎣

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

⎤
⎥⎦

mp×nq

(37)

APPENDIX C

The power system model in the simulation is shown in the
Fig. (16). The parameters of the reheat steam synchronous
generator are set as follows: the rated capacity SG is 800MW;
the generator inertia HG is 10s; the time constants of the speed
governor Tg, the turbine Tt, and the reheat process Tr are 0.2s,
7s and 0.3s, respectively; the high pressure turbine section Fhp

is 0.3; the speed droop parameter RG and the integral gain KG

are 0.05 and 0.5, respectively; the damping constant of the
power system D is 1; the inertia of the power system H is 10.
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All regulation resources among the comparison cases in
Section IV-B use the PID controllers with the following
parameters: KP = 500, KI = 0.01 and Kd = 100. The
regulation command function in (23) is defined as:

g(�f ) = Kp�f + Kd
d�f

dt
+ Ki

∫
�f , (38)

where �f is the frequency deviation measured by PMU.
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